Critical Kaluza-Klein black holes and black strings in D = 10 by Cardona, Biel & Figueras, Pau
ar
X
iv
:1
80
6.
11
12
9v
2 
 [h
ep
-th
]  
17
 A
ug
 20
18
Critical Kaluza-Klein black holes and black strings
in D = 10
Biel Cardona and Pau Figueras
School of Mathematical Sciences,
Queen Mary University of London,
Mile End Road, London E1 4NS, UK.
E-mail: c.gabriel@qmul.ac.uk, p.figueras@qmul.ac.uk
Abstract: We construct static vacuum localized black holes and non-uniform black strings in
ten spacetime dimensions, where one of the dimension is compactified on a circle. We study the
phase diagram of black objects with these boundary conditions, especially near the critical point
where localized black holes and non-uniform black strings merge. Remarkably, we find that the
merger happens at a cusp in the phase diagram. We verify that the critical geometry is controlled
by a Ricci-flat double-cone as previously predicted. However, unlike the lower dimensional cases,
we find that physical quantities approach to their critical values according to a power law plus
a logarithmic correction. We extract the critical exponents and find very good agreement with
the predictions from the double-cone geometry. According to holography, localized black holes
and black strings are dual to thermal states of (1 + 1)-dimensional SU(N) maximal Super-Yang
Mills theory compactified on a circle; we recover and extend the details of the (recently found)
1st order phase transition in this system from the gravity side.
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1 Introduction and results
InD = 4 spacetime dimensions, stationary asymptotically flat black hole solutions of the Einstein
equation in vacuum of a given mass have spherical topology, are presumably unique and all
the evidence suggests that they are dynamically stable. However, in D > 4 these properties
change radically. The physics of black objects turns out to be much richer, allowing for non-
spherical topologies, instabilities and non-uniqueness (and thus phase transitions). Black holes
are fundamental objects in general relativity. In recent years the study of such objects in non-
astrophysical settings has received much attention due to the intrinsic interest in understanding
fundamental aspects of gravity as described by general relativity (see [1] for a review), and also
because of the connections to string theory and the gauge/gravity duality [2–6]. In the latter
context, it is natural to consider spacetimes that are asymptotic to Md × Nn, where Md is d-
dimensional Minkwoski or Anti-de Sitter space and Nn is an n-dimensional compact manifold so
that the total number of spacetime dimensions is D = d+ n > 4.
One of the most extensively studied models in this setting is that of Md = Minkd and
N1 = S
1, a circle of length L. Since the compact dimension is flat, it is trivial to write down a
black hole solution that is uniformly wrapped along the compact dimension: This is just given by
the (D− 1)-dimensional Schwarzschild solution times a (compact) flat direction, SchwD−1 × S1.
Such a higher dimensional black hole is known as the uniform black string (UBS). In [7], Gregory
and Laflamme (GL) famously showed that thin enough black strings are unstable under linear
gravitational perturbations with a non-trivial dependence along the S1-direction.1 Determining
the endpoint of such an instability has been the subject of intense studies during the past few
years.
At the onset of the instability, the linear GL mode is time-independent (i.e., a zero mode)
and can be continued to the non-linear regime. This indicates that there exists a new branch of
black strings which are non-uniform in the compact direction and are thus known as non-uniform
black strings (NUBS). NUBS were first constructed perturbatively in D = 5 by [8], subsequently
constructed fully non-linearly in various spacetime dimensions using numerical methods [9–15]
and, more recently, using the large-D expansion [16]. It turns out that in D < D∗ = 13(.5),
NUBS have less entropy than UBS with the same mass and hence they cannot be the endpoint
of the GL instability [17]. In fact, based on entropic arguments, [7] conjectured that unstable
UBS would evolve into an array of localized black holes through a dynamical topology change
transition; the latter can only happen through a singularity and hence the evolution of the GL
instability of black strings could potentially constitute a counter-example of the weak cosmic
censorship conjecture [18, 19] around such spacetimes. This scenario was recently confirmed by
[20, 21], using numerical relativity techniques.2 On the other hand, for D > D∗, NUBS can be
dynamically stable and hence be the endpoint of the GL instability, as [16, 24] confirmed.
Apart from UBS and NUBS, spaces that are asymptotically Minkd × S1 also admit static
black hole solutions that are localized on the S1. These localized black holes (LOC) have been
constructed numerically [12, 25–27] and perturbatively in the limit in which the black holes are
1More precisely, the condition for the existence of a linear instability is that r0/L . O(1), where r0 is the
mass parameter of the parent SchwD−1 solution and L is the asymptotic length of the compact circle.
2Notice that this final fate is not exclusive of UBS and black holes with compact extra dimensions. Fully non-
linear time evolutions of analogous instabilities in asymptotically flat black rings or ultra-spinning Myers-Perry
black holes spacetimes, similarly lead to violations of the weak cosmic censorship conjecture [22, 23].
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small compared to L [28–33]. Motivated by geometrical considerations, [34] conjectured that
the NUBS and LOC branches should merge at a topology changing critical solution governed
by a Ricci-flat double-cone. This conjecture was tested from the black string side in [35], and
later in various dimensions in [13]. However, the most non-uniform black strings in these early
constructions were still too far from the critical regime to provide conclusive results (see however
[11]). Only recently, Kalisch et al. [15, 27], in an impressive numerical construction, have managed
to obtain NUBS and LOC in D = 5, 6 extremely close to the critical point, confirming the double-
cone predictions to an unprecedented level of detail.
The goal of the present work is to construct NUBS and LOC in D = 10 very close to
the critical point, where these branches of black holes merge. Critical solutions have only been
previously constructed in D = 5, 6 [15, 27]; for higher values of D, gravity becomes more localized
near the horizon of the black object, which makes the numerical construction more challenging,
especially very close to the critical point. Note that [36] previously constructed both NUBS and
LOC in D = 10, but their solutions were very far from the critical regime since the aim of that
paper was different (see below).
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Fig. 1.1: Schematic phase diagrams in the microcanonical ensemble for various D’s.
HereD0 = 10 is the critical dimension of the double-cone geometry [34] andD
∗ = 13(.5)
is the critical dimension in the microcanonical ensemble [17].
At the critical dimension D∗ the dynamical stability of weakly NUBS changes from being
unstable for D < D∗ to being stable for D > D∗. However, for D = 12, 13 [13] found that NUBS
with a sufficiently large non-uniformity can also be dynamically stable.3 This paper showed that
there exists a turning point, i.e. a maximum of the mass/area, along the NUBS branch where
the stability properties of the solutions change. On the other hand, in D = 5, 6 such a turning
point is present along the LOC branch. In D = 10, as we move along both the LOC and the
NUBS branches and approach the critical solution from both sides, we do not find any turning
points on either of the branches. Therefore, the simplest picture that emerges from our work is
that, sufficiently far from the critical solution, in D < 10 there should exist a turning point along
the LOC branch, in D > 10 the turning point occurs along the NUBS, and in D = 10 there are
no turning points at all. See Fig. 1.1. Recently, [16] confirmed the existence turning points in
the phase diagram of NUBS in D < 14 using the large-D expansion, but the reliability of their
3It is plausible that stable NUBS also exist in D = 11 for larger values of the non-uniformity parameter than
in [13].
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approach breaks down at around D ≈ 9. Notice, however, that the methods of [16] did not allow
them to study critical solutions in detail and therefore our results complement theirs.
Our numerical data suggests that in D = 10 the merger happens precisely at a cusp in the
phase diagram. The study of the critical geometry in [34] showed that D = 10 is the critical
dimension of the cone geometry that governs the topology change. For D < 10, the approach
of physical quantities to their critical values is controlled by a (dimension-dependent) power
law with infinitely many oscillations (i.e. turning points); this behavior has been beautifully
confirmed in [27] for D = 5, 6. On the other hand, for D > 10 the approach to the critical point
should be given by two independent power laws, with no oscillations. D = 10 is the marginal case
and the approach to the critical point should be controlled by a power law with a logarithmic
correction. In this paper we confirm this in D = 10.
In this paper we also compute the spectrum of negative modes of the Lichnerowicz operator,
∆L, around the LOC and NUBS branches, restricted to modes that preserve the isometries of
the background. Just as in [12, 13], we find that NUBS posses two negative modes: one is
continuously connected (as the non-uniformity parameter goes to zero) to the negative mode of
the parent Schwarzschild black hole [37]. This mode diverges as the NUBS approach the critical
solution. The other negative mode is the continuation of the GL zero mode to non-zero values of
the non-uniformity parameter and our data suggests that it tends to a finite value at the critical
solution. On the other hand, LOC have a single negative mode throughout the branch and it
approaches the same finite value as the NUBS at the critical solution. See Fig. 3.9. Note that
at an extremum of the temperature one can have zero modes corresponding to variations of the
parameters of the solution that respect the boundary conditions (i.e. preserve the temperature).
We do not find any evidence for new zero modes, which is consistent with the absence of extrema
of the temperature along either branch of solutions.
Another motivation for the present work comes from the gauge/gravity duality [2–6]. The
best well-understood example of this correspondence is between maximally supersymmetric Yang-
Mills (SYM) theory in p+1 dimensions and gauge group SU(N), and Type IIA (even p) or Type
IIB (odd p) superstring theory containing N coincident Dp-branes in the decoupling limit. For
p = 1 the duality is between 2-dimensional SU(N) SYM theory and type IIA or IIB string
theory in the presence of D0- or D1-branes respectively [6]. At large N , strong coupling and
finite temperature, the gauge theory is described by black hole solutions with D0- or D1-charge
in the supergravity approximation, depending on the temperature (type IIA at low temperatures
and type IIB at high temperatures respectively). In this paper we are interested in vacuum black
hole solutions of the Einstein equation in 10 spacetime dimensions, one of which is compactified
on a circle of length L. After a series of standard U-duality transformations [36, 38–40], these
vacuum black holes can be given D0- or D1-brane charges.
According to the AdS/CFT correspondence, the black hole phase structure should be re-
produced by the thermal phases of SYM on a circle at strong coupling and large N . Lattice
simulations of SYM on a torus, with one of the circles being the thermal circle and with periodic
boundary conditions for the fermions on the other spatial circle, have been performed. Most of
the previous works in the past have focused on the p = 0 SYM quantum mechanics and agree-
ment with the gravity predictions has been confirmed [41–54]. The case p = 1 has received less
attention in the past [55], until the recent of work of [56]. This paper predicted the temperature
at which a first order phase transition occurs from lattice simulations, in a regime where the
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latter should overlap with the supergravity calculations. The latter was only recently computed
in [36] and found very good agreement with the lattice result. In this paper, as a by-product of
our calculations, we recompute the value of the phase transition temperature (or energy, in the
canonical ensemble); the values that we obtain are tcrit = 1.09257 tGL and εcrit = 1.24181εGL for
the temperature and energy at the phase transition measured with respect to the GL point. Our
values differ with those found in [36] by less than a 0.25%. In addition, we have been able to
locate the merger between the non-uniform and localized phases.
The rest of this paper is organized as follows. In §2.1 we start by reviewing some general
aspects of black holes in Kaluza-Klein spaces. In subsections 2.2 and 2.3 we present our numerical
construction of NUBS and LOC, respectively. In §3 we present our results. §3.1 contains the
phase diagrams in the microcanonical and canonical ensembles, in §3.2 we consider the horizon
geometry and in §3.3 we study in the detail the critical behavior of NUBS and LOC near the
critical point and compare it with the predictions of the double-cone model. §3.4 is devoted to
the computation of the spectrum of negative modes of the Lichnerowicz operator around the
NUBS and LOC. §4 contains the results for the phase diagram of the supergravity solutions with
D0-charge. We close the paper with a discussion in §5. Some technical details are relegated to
the Appendices. In appendix A we give more details about the integration domain that we have
used to construct the localized black holes and in appendix B we present some convergence tests.
The mapping from neutral solutions to charged ones is presented in detail in appendix C.
Note added: while this paper was nearing completion, we became aware of [57], that has
some overlap with ours and that has appeared on the arXiv on the same date.
2 Black objects in Kaluza-Klein theory
Consider vacuum Einstein’s gravity in D = 10 spacetime dimensions with Kaluza-Klein (KK)
asymptotic boundary conditions, i.e. Mink9 × S1. For (ultra)static spacetimes, this theory con-
tains three different families of static black holes, namely, UBS, NUBS and LOC. After fixing
the overall scale by fixing the length of the asymptotic S1, these three different types of black
holes can be parametrized by the temperature and one may distinguish them by the topology of
the horizon and the isometries. Whilst UBS are translationally invariant along the S1 and are
known explicitly, for NUBS and LOC the translation invariance along the S1 is broken and they
have to be constructed numerically (or pertubatively). In this section we explain our numerical
construction of such solutions. Since we are interested in studying the thermal phases, we will
be working with the Euclidean form of the solutions where the Euclidean time τ is periodic,
τ ∼ τ + β, with β being the inverse temperature.4
2.1 Generic results and Uniform black strings
In this paper we are interested in Einstein metrics that asymptote to the flat Euclidean metric,
where one of the directions corresponds the Euclidean time τ , times a KK circle of length L.
As usual, the Euclidean time τ is compact and has period β. Ultimately we will consider ten
dimensional spaces but for now we shall keep the total number of spacetime dimensions D
general. Moreover, we will only consider spacetimes that preserve an SO(D− 2) subgroup of the
4Note that since we are considering static spacetimes, we can change to Lorentzian signature by a trivial
change of coordinates τ → i t.
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full rotation group of the flat Euclidean metric in D − 1 dimensions. Therefore the asymptotic
isometry group of the spaces that we shall consider is U(1)β×SO(D − 2)×U(1)L, which is made
explicit in the asymptotic form of the flat metric on the product space S1β × RD−2 × S1L,
ds2 = dτ 2 + dr2 + r2 dΩ2D−3 + dy
2 , (2.1)
with τ ∼ τ + β and y ∼ y + L. For more general spaces, from the asymptotic behavior of the
metric components
gττ ≃ 1− Cτ
rD−4
, gyy ≃ 1 + Cy
rD−4
, (2.2)
one can extract two asymptotic charges, namely mass and tension, of the solution [58]:5
M =
ΩD−3L
16π
(
(D − 3)Cτ − Cy
)
, T = ΩD−3
16π
(
Cτ − (D − 3)Cy
)
. (2.3)
From these quantities one can define the relative tension n = T L/M , which is bounded: n ≤
0 ≤ D − 3. In addition to these charges, NUBS and LOC can be characterized using their
own geometric quantities which are discussed in §3.2. All neutral KK solutions with a single
connected horizon have temperature T = κ/(2π) and entropy S = AH/4; they satisfy the 1st law
of thermodynamics, dM = TdS + T dL, and the Smarr’s relation, (D − 3− n)M = (D − 2)TS.
From the point of view of the numerics, the latter may be used as a consistency check, since the
entropy and the mass are obtained from the metric. The free energy is given by F = M − TS.
UBS are known explicitly for all values of D: The metric is SchwED−1 × S1 (E stands for
Euclidean),
ds2 =
(
1− r
D−4
0
rD−4
)
dτ 2 +
(
1− r
D−4
0
rD−4
)−1
dr2 + r2dΩD−3 + dy
2, (2.4)
where (τ, r,ΩD−3) are the usual D−1 Schwarzschild coordinates and y is the S1 coordinate. The
parameter r0 labels each solution and it is directly related to the physical quantities:
κ =
D − 4
2r0
, M =
ΩD−3L
16π
(D − 3)rD−40 ,
AH = Lr
D−3
0 ΩD−3, T =
ΩD−3
16π
rD−40 .
(2.5)
(Notice that the uniform black string has Cτ = r
D−4
0 , Cy = 0 and constant relative tension
n = (D − 3)−1.) Finally, recall that the topology of the horizon is SD−3 × S1.
Gregory and Laflamme [7] famously discovered that thin enough UBS, i.e. r0/L . O(1),
are dynamically unstable to clumping along the compact direction. More precisely, for fixed
L there is a critical value rGL0 below which there exist regular (linear) perturbations that grow
exponentially with time and that break the translational invariance along the S1; at precisely
this critical value, the perturbations are time-independent thus signaling the existence of a linear
solution of the Einstein equation which is not uniform along the S1. This linear solution can
be continued into the fully non-linear regime, giving rise to the NUBS. For D = 10, the critical
value of the horizon radius at the onset of the GL instability is: rGL0 = 0.36671(3)L.
Our aim in this work is to numerically construct vacuum NUBS and LOC solutions inD = 10.
In practice, we will treat the different metrics as smooth Riemannian manifolds with a U(1)β
5Throughout, we use units of GD = 1, where GD is the Newton’s constant in D spacetime dimensions.
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Killing vector that vanishes at the horizon and solve the Einstein vacuum equation, Rab = 0,
subject to certain regularity and asymptotic boundary conditions. As is well-know, due to the
underlying gauge invariance of the theory, this equation does not yield a well-posed boundary
value problem. Instead, we solve the Einstein-DeTurck equation, RHab = 0, which is manifestly
elliptic [12], where
RHab ≡ Rab −∇(aξb), ξa = gbc
(
Γabc − Γ¯abc
)
. (2.6)
Rab is the Ricci tensor and ξa is the so-called DeTurck vector. The last is formed from the usual
Levi-Civita connection Γ compatible with the spacetime metric g, and a Levi-Civita connection
Γ¯ compatible with some reference metric g¯ that we are free to prescribe. This has now become
a standard approach in stationary numerical relativity and we refer the reader to the literature
for more details [12, 59–61].
The equations are always discretized using pseudo-spectral methods on a Chebyshev grid,
and we solve them by an iterative Newton-Raphson method; at each step of the iterative process
the linear system of equations is solved using LU decomposition implemented by subroutine
LinearSolve in Mathematica.
2.2 Numerical construction of Non-uniform black strings
NUBS wrap the KK circle, and, for regular solutions, the horizon SD−3 is finite everywhere. This
implies that with our symmetry assumptions, the integration domain has the following effective
boundaries: the horizon, asymptotic infinity and the periodic boundary. Due to the symmetry of
first GL harmonic, NUBS have a Z2-symmetry and then one has an additional mirror boundary.
Hence, a single coordinate patch is enough to cover the whole computational domain. In practice,
to numerically construct highly non-uniform black strings near the critical point it is convenient
to use more than one patch to get enough resolution in the regions of interest.
To find NUBS we consider the following ansatz for the metric:
ds2 = 4 r20∆
2
(
x2eQ1 dτ 2 +
eQ2
f(x)2(D−3)
dx2
)
+ eQ3 dy2 + 2Q4 dx dy +
r20 e
Q5
f(x)2
dΩ2D−3, (2.7)
with ∆ = (D − 4)−1, f(x) = (1 − x2)∆, and unknowns Q ≡ {Q1, Q2, Q3, Q4, Q5}(x, y). For
Q = 0, this ansatz reduces to the UBS in D dimensions written in terms of the compact radial
coordinate x, x(r) = 1−rD−40 /rD−4. The UBS satisfies all the relevant boundary conditions that
we will impose on our solutions (see below) and we shall use it as the reference metric in the
Einstein-DeTurck equation. The compact radial coordinate x ∈ [0, 1) covers the region from the
horizon (x = 0) to infinity (x = 1). Note that NUBS posses reflection symmetry along the S1
direction. This allows us to consider only one half of the KK circle subject to mirror boundary
conditions. Therefore, we take y ∈ [0, 1], where y = 0 corresponds to the reflection plane and
y = 1 the periodic boundary. This implies that the asymptotic length of the KK circle is kept
fixed to be L = 2.
The radius of the round SD−3 at the horizon is a good geometric invariant that can be used
to describe NUBS; with our ansatz (2.7), this is given by
R(y) = r0
√
eQ5
∣∣∣
H
. (2.8)
Black string solutions can be characterized with the non-uniformity parameter introduced in [8],
λ = (Rmax/Rmin − 1) /2, where Rmax = max[R(y)] and Rmin = min[R(y)]. UBS have λ = 0,
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whereas NUBS have λ > 0; the limit λ → ∞ corresponds to the merger point with the LOC
branch, where Rmin → 0 while Rmax remains finite.
To obtain a well-posed boundary value problem that can be solved with elliptic methods
we need to supplement the equations of motion with appropriate boundary conditions. These
require regularity at the horizon, reflection symmetry, periodicity and KK asymptotics:
• Horizon at x = 0: smoothness of the metric at the horizon implies that all Q’s must be
even in x and therefore we impose Neumann boundary conditions on all Q’s, except the
crossed term which must be Dirichlet. The condition Q1(0, y) = Q2(0, y) ensures that the
geometry is free of conical singularities and fixes the surface gravity of the solution to be
that of our reference metric.
• Asymptotic boundary at x = 1: the metric must approach the KK space. This implies
the Dirichlet boundary conditions, Qi(1, y) = 1, ∀i 6= 4, and Q4(1, y) = 0.
• Reflection plane and periodic boundary at y = 0 and y = 1 respectively: all Q’s must be
even in the compact S1 coordinate and thus we impose Neumann boundary conditions for
all Q’s, except for the crossed term which must be Dirichlet there.
To find NUBS, we start with the UBS close to the GL point and add a bit of the GL zero
mode. This gives a good initial guess that allows us to find weakly non-uniform black strings.
Once we have found a NUBS, we can move along the family varying the temperature; with our
boundary conditions, the inverse temperature is given by
β =
4 π r0
D − 4 . (2.9)
We move along the branch of NUBS by using the previous solution as a seed and varying the
value of the parameter r0; we start at r0 = 0.73450 which corresponds to λ = 0.04 (recall
that rGL0 = 0.73342(6) for L = 2) and, given our modest resources, we move up to a value of
r0 = 0.79184, corresponding to λ = 5.05.
For λ . 1, the NUBS are relatively weakly non-uniform, not much resolution is required to
construct the solutions accurately and one single patch is suffices. At this point, the solutions
satisfy ξaξ
a ≡ ξ2 < 10−10, with estimated numerical error to be less than 0.01%. The Smarr’s
relation is satisfied up to the order 10−7. As we move along the branch of NUBS to greater
values of λ, the function Q4 develops very pronounced peaks near the origin, corresponding to
the waist of the non-uniform black string, and some form of mesh-refinement there is needed to
construct accurate solutions. We found that two conforming patches were enough to obtain good
results, though the bound on the DeTurck vector goes up to ξ2 < 10−7 and the Smarr’s relation
is satisfied up to 10−6. Notice that our mesh-refinement introduces a new parameter x0, which
is the coordinate location where the two patches meet. We also considered y˜ = mesh(y; 0, 1, χ),
with the mesh-refinement function mesh(. . . ) given by (A.5); here χ is just a parameter that
controls the density of the new grid points. Since the steep gradients move towards the origin as
λ increases, we used two different setups with appropriate grid sizes x0 (∼ 10−1, 10−2) and values
of χ (∼ 1, 10). It is possible that by choosing a different reference metric for highly NUBS one
can achieve larger values of λ without losing accuracy.
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2.3 Numerical construction of Localized black holes
To numerically construct LOC we follow the approach of Kalisch et al. [27] with minor modifi-
cations. Essentially, we considered a different compacitifaction of the radial coordinate so that
we could extract the constants Cτ and Cy appearing in the conserved charges (2.3) by calculat-
ing 1st derivatives of our unknown functions. In this section we superficially discuss the actual
numerical construction of LOC and refer the reader to [27] for further details.
We seek static axisymmetric black holes that are asymptotically KK and localized on a circle
of (asymptotic) length L. We choose adapted coordinates so that symmetries of the spacetime
become manifest. This implies that the actual boundaries of the computational domain are: the
black hole horizon, the asymptotic infinity, the periodic boundary, the reflection plane and an
axis of symmetry where the horizon SD−2 smoothly shrinks to zero size, which is exposed because
the localization on the S1. From the point of view of finding these black holes numerically, since
the integration domain has five boundaries, we naturally work with two coordinate patches: One
patch adapted to a ‘near’ region (containing the horizon), and another one adapted to a ‘far’
region (containing the asymptotic infinity). The integration domain is schematically shown in
Fig. 2.1.
As in [12], one can work with cartesian coordinates (x, y) in the far patch and polar co-
ordinates (r, a) in the near patch, and the relation between them is simply given by the polar
map: x = r cos a, y = r sin a. To transfer information between the two coordinate patches, one
can use two overlapping domains and impose uniqueness of the solution [12]. This is simpler to
implement if one uses finite differences. On the other hand, if one uses spectral methods, one can
deform the two domains using some transfinite transformation and ensure that the two domains
match along a curve; along this common boundary, one then imposes continuity of the functions
and their normal derivatives. Alternatively, in the near region [27] introduce polar-like coordi-
nates with a modified radial coordinate which naturally matches with the Cartesian coordinates
sufficiently far from the black hole. This is the approach we follow in the near region. We recall
the details of the integration domain and introduce the new compactification in appendix A.
S1
S1
a
x
is
in
fi
n
ity
near region
far region
horizon
: :
Fig. 2.1: Sketch of the integration domain for localized black holes.
The ansatz for the metric in the far patch is:
ds2Far = Q1 dτ
2 + x2Q2 dΩ
2
D−3 +Q3 dx
2 +Q4 dy
2 + 2Q5 dxdy , (2.10)
where the functions Q ≡ {Q1, Q2, Q3, Q4, Q5}(x, y) are our unknowns. As illustrated in the
integration domain A.1, the coordinate x ranges from L/2, which is the boundary between the
far and near regions, to infinity; on the other hand, y ∈ [0, L/2], where y = 0 is the reflection
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plane and L/2 is the periodic boundary. The boundary conditions we impose on the unknown
functions Q in this patch are:
• Asymptotic boundary at x = ∞: the metric must approach the KK space. This implies
the Dirichlet boundary conditions, Qi(∞, y) = 1, ∀i 6= 5, and Q5(∞, y) = 0.
• Matching boundary at x = L/2: we impose continuity of the metric and its normal
derivative.
• Reflection plane and periodic boundary at y = 0 and y = L/2 respectively: all Q’s must
be even in the compact coordinate y and thus we impose Neumann boundary conditions
on all them except the crossed term Q5, which must be Dirichlet there.
The near horizon region ansatz covers the horizon and the symmetry axis; at the horizon,
the Killing ∂τ becomes null and at the symmetry axis the round S
D−3 (and in fact the whole
horizon SD−2) smoothly shrinks to zero. The ansatz we consider is:
ds2Near = κ
2 (r − r0)2Q′1 dτ 2 + r2 cos2 a Q′2 dΩ2D−3 +Q′3 dr2 + r2Q′4 da2 + 2 rQ′5 drda, (2.11)
where Q′ ≡ {Q′1, Q′2, Q′3, Q′4, Q′5}(r, a) are the unknowns in this patch. This metric has a Killing
horizon located at r = r0 with surface gravity κ, and an axis at a = π/2; a = 0 is the reflection
plane. Although the horizon is at r = r0, r0 is simply a parameter in our ansatz and we keep
it fixed throughout the calculation (we choose r0 = 0.8 for convenience); the physical parameter
labelling each solution is the surface gravity κ, and this the parameter that we vary to move
along the branch of LOC. With the definitions given in Appendix A, the boundary conditions
that we impose on the unknown functions Q′ in this region are:
• Horizon at r = r0: smoothness of the metric at the horizon implies that all Q′’s must be
even in r and therefore we impose Neumann boundary conditions for Q′1, r
2Q′2, Q
′
3, r
2Q′4
and Dirichlet for the crossed term Q′5. The condition Q
′
1(r0, a) = Q
′
3(r0, a) ensures that
the geometry is free of conical singularities and fixes the surface gravity of the solution to
be that of the reference metric (see below).
• Axis of symmetry at a = π/2: regularity requires that all functions Q′’s are Neumann,
except the crossed term which is Dirichlet there. In addition we impose Q′2(r, π/2) =
Q′4(r, π/2) to avoid conical singularities.
• Reflection plane at a = 0: all functions are Neumann except for Q′5, that vanishes there.
• Periodic boundary at r3(L/2, a) sin a = L/2: using the relation between the far and near
coordinates and the relation between the far and near unknown functions, one can find the
boundary conditions for the near horizon functions from the boundary conditions that the
far region functions satisfy there.
• Matching boundary at r2(L/2, a) cos a = L/2: we impose continuity of the metric and its
normal derivative.
In addition to the ansatz and the boundary conditions, the DeTurck scheme requires a global
reference metric as part of the gauge fixing procedure. The reference metric must satisfy the
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same boundary conditions as the solution we seek. For the LOC, there is no known Einstein
metric in closed analytic form that satisfies the required boundary conditions and hence one
has to design it. In this paper we follow [12, 27], and smoothly glue together two metrics, each
of which satisfy the desired boundary conditions in each region, i.e. asymptotic Kaluza-Klein
space in the far region and, for instance, the asymptotically flat Schwarzschild black hole in D
dimensions:
ds¯2 = H(r)dτ 2 + dr2 +G(r)
(
da2 + cos2 a dΩ2D−3
)
(2.12)
with
H(r) =
{
Hhor(r) for r < r1
1 for r ≥ r1 , G(r) =
{
Ghor(r) for r < r1
r2 for r ≥ r1 , (2.13)
and
Hhor(r) = 1− E(r),
Ghor(r) = r
2 −E(r)
(
r2 − (D − 3)
2
4κ2
− (r − r0)2
[
D2
4
−D + 3
4
− κ2r20
])
,
(2.14)
where the function E(r) is given by
E(r) = exp
(
−κ2 (r − r0)
2
1− (r − r0)2/(r1 − r0)2
)
. (2.15)
The reference metric depends on κ, r0, and r1, which is an additional parameter that can be
adjusted (see appendix A). The function E(r) vanishes exponentially fast for r → r1, and the
reference metric (2.12) tends to the KK space written in polar coordinates. For r → r0, E(r) ≃
1 − κ2(r − r0)2 and (2.12) takes the form of the near horizon metric of the Schwarzschild black
hole in D dimensions.
To find localized black holes we start with the reference metric as a seed with κ = 2.4 and
L = 6 (we keep this value of L for all solutions). Recall that the convergence of Newton’s method
strongly depends on the choice of the initial seed and finding a first solution may be difficult.
To stay within the basin of attraction at each iteration, we introduce a parameter α ∈ R+ in
the iteration loop so that the update is Q(n+1) ∼ Q(n) + αδQ, where α ∼ O(1/100) or O(1/10)
during the first iterations and is O(1) towards the end. Once we have found the first solution,
we use it as the initial guess to find the next solution with a slightly different κ while keeping
α = 1. We kept the parameters of the integration domain and the coordinates fixed throughout
the calculation and they are specified in Fig. A.1.
The most critical solution we found corresponds to κ = 1.262768. In this critical regime,
the functions Q′2 and Q
′
4 develop steep gradients near the axis and the horizon; to resolve them,
we redefine these two functions in the pure polar patch (blue and green dots in Fig. A.1):
Qci(r, a) = 1/Q
′
i(r, a), i = 2, 4 [27]. The boundary conditions for these redefined functions can
be easily found from the original ones for Q′2 and Q
′
4. All solutions we found satisfy ξ
2 < 10−10
with numerical error less than 0.01% and the Smarr’s relation is satisfied up to the order 10−6.
3 Results
In this section we present our results for both NUBS and LOC. We first consider the behavior
of the various thermodynamic quantities along each branch of solutions and the phase diagrams,
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and then we focus on the horizon geometry. We then study the critical behavior near the merger
point, and provide evidence that the double-cone geometry proposed by [34] does indeed control
the merger. We finally compute their spectrum of negative modes of the Lichnerowicz operator.
3.1 Thermodynamics
The horizon temperature labels both NUBS and LOC and is given by (2.9) for non-uniform black
strings and by κ/(2π) for localized solutions. The mass and the tension follow from (2.3). For
the NUBS the asymptotic charges are computed by
Cτ =
rD−40
2
(
L
2
)−1 ∫ L/2
0
dy
(
2 +
∂Q1
∂x
∣∣∣∣
x=1
)
, Cy = −r
D−4
0
2
(
L
2
)−1 ∫ L/2
0
dy
∂Q3
∂x
∣∣∣∣
x=1
, (3.1)
where in these expressions we first interpolate the numerical data and then perform the integra-
tion. For the LOC, these quantities are given in (A.3). The horizon area is found to be:
NUBS: AH = 2r
D−3
0 ΩD−3
∫ L/2
0
dy
√
eQ3+(D−3)Q5
∣∣∣
H
,
LOC: AH = 2r
D−2
0 ΩD−3
∫ π/2
0
da(cos a)D−3
√
Q′2
D−3Q′4
∣∣∣
H
.
(3.2)
In Fig. 3.1 we display the phase diagram in the microcanonical (top left) and canonical
(top right) ensembles, and the behavior of the horizon area (middle) and tension (bottom)
as a function of the inverse temperature (normalized by L). The behavior of the mass and
the relative tension as a function of the inverse temperature is similar to that of the area and
tension and we do not display the corresponding plots here. To make the microcanonical and
canonical phase diagrams easier to visualize we plot the dimensionless differences ∆S/L8 ≡
(S(M)− SUBS(M)) /L8 and ∆F/L7 ≡ (F (T )− FUBS(T )) /L7 respectively.
NUBS, which exist beyond the GL point, never dominate any of these ensembles and they
are presumably dynamically unstable. The localized black hole phase crosses the UBS branch at
MPT = 0.01375(4)L
7, or TPT = 1.26682(1)L
−1. (3.3)
For lower masses, M < MPT, or higher temperatures temperatures, T < TPT, the LOC dominate
the corresponding ensemble and the UBS are unstable, whilst for M > MPT or T < TPT, UBS
dominate; at M = MPT or T = TPT, there is first order phase transition. The phase diagrams
are consistent with a merger between NUBS and LOC at
MMerger = 0.020404(6)L
7, or TMerger = 1.20585(6)L
−1. (3.4)
One of the remarkable features of the phase diagram in D = 10 is the lack of turning points
away from the merger along any of the branches, either LOC or NUBS. This should be contrasted
with the phase diagram in D = 5, 6, which exhibits a turning point along the LOC branch at
some maximum mass and then there is a minimum of the temperature [12, 27]. It is reasonable
to expect that such a turning point (away from the merger) exists on the LOC branch for any
dimension D < 10. This turning point switches to the NUBS branch in D = 12 (and presumably
in D = 11), as shown in [13] and more recently in the large-D expansion in [16]. As we will argue
below, the lack of turning points away from the merger in the phase diagram in D = 10 may be
related to the nature of the merger in this specific number of spacetime dimensions.
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Fig. 3.1: Phase diagram in the microcanonical (top left) and canonical (top right)
ensembles respectively for the three different families of KK black objects in D = 10.
These plots reproduce and complete those shown in the appendix of [36]. Dimensionless
horizon area AH/L
8 (middle) and tension T /L6 (bottom) as a function of the dimen-
sionless ratio β/L. The GL critical point is indicated with a solid black disc. The
dimensionless mass and relative tension plots are very similar to the ones shown above.
In Fig. 3.2 we plot various physical quantities, normalized by their value at the GL point,
against the normalized relative tension n/nGL. Close to the merger point, our results in D = 10
show that the physical quantities do not approach their critical values following a spiraling
behavior, with presumably infinitely many turning points, as in D = 5, 6 [11, 27]. Instead, the
physical quantities of the NUBS and LOC branches merge at a cusp in the phase diagram, with
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no oscillations. As we discuss in §3.3, this behavior is precisely what the double-cone model of
[34] for the merger predicts in D = 10. Notice that the physical quantities corresponding to both
branches emerge from the cusp in the ‘same direction’.
0
0.5
1
1.5
2
0 0.2 0.4 0.6 0.8 1
LOC
NUBS
0.924
0.928
0.132 0.136 0.14
LOC
NUBS
1.82
1.86
0.132 0.136 0.14
LOC
NUBS
2
2.04
0.132 0.136 0.14
LOC
NUBS
n/nGL
S/SGL
M/MGL
T/TGL
Fig. 3.2: Entropy, mass and temperature normalized with respect to the values at the
GL point, as a function of the relative tension (with the same normalization). The
three mini-plots at the right hand side correspond to zooming at the merger point, as
indicated by the dashed lines.
3.2 Horizon geometry
In this subsection we display the behavior of various geometric quantities defined on the horizon
along the branches of solutions. Then we present the embeddings of the horizon geometry into
flat space to help to visualize the geometry of NUBS and LOC.
We characterize the NUBS using the non-uniformity parameter λ defined in [8], (2.8). In
addition, we consider the proper length of the horizon along the S1:
Lhor = 2
∫ L/2
0
dy
√
eQ3
∣∣∣
H
. (3.5)
Following [12], for LOC, one can define Req as the equatorial radius of the horizon round
SD−3, Req = r0
√
Q′2(r0, 0). Similarly, one defines Lpolar to be the proper distance from the ‘south’
pole to the ‘north’ pole along the horizon SD−2,
Lpolar = 2r0
∫ π/2
0
da
√
Q′4
∣∣∣
H
, (3.6)
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and Laxis to be the proper distance between the poles along the axis:
Laxis = 2
∫ L/2
r0
dr
√
Q′3
∣∣∣
A
. (3.7)
Recall that the asymptotically flat Schwarzschild solution in D dimensions is spherically symmet-
ric and hence it enjoys the symmetry of the full rotation group SO(D − 1). On the other hand,
LOC break the SO(D−1) symmetry down to SO(D−2), and only for very small localized black
holes, i.e. high temperatures, the full SO(D−1) is approximately recovered. We can characterize
the deformation of the horizon geometry by comparing the area of the round equatorial horizon
SD−3, Aeq ∝ RD−3eq , and the area of the geodesic SD−3 on the horizon that contains both poles,
Apol ∝ RD−3pol with Rpol = r0
√
Q′2(r0, π/2). We compare these two areas defining the eccentricity
parameter,
ǫ = (Apol/Aeq)− 1 . (3.8)
A spherically symmetric black hole has zero eccentricity and ǫ diverges for the critical solution.
The behavior of these geometric quantities along each branch of solutions is displayed in Fig.
3.3. In the top row we display ǫ and λ as functions of β/L. At high temperatures, LOC are
nearly spherically symmetric and the eccentricity is very small. In fact, ǫ remains quite small
until pretty close to the merger with NUBS, where it diverges (notice that the vertical axis is
in a log-scale). This explains why perturbation theory works so well for localized black holes
in D = 10 [36], and it is another manifestation of the fact that gravity becomes more localized
near the horizon as D grows. The behavior of the non-uniformity parameter λ for the NUBS
is qualitatively similar. From these two plots it is clear that we managed to get closer to the
merger from the LOC branch. From the behavior of ǫ and λ we can estimate that the merger
occurs at βMerger ≃ 0.829L.
At the bottom of Fig. 3.3 we display the remaining geometric quantities as functions of the
relative tension n normalized by its value at the GL point. We have added zooms of these plots
to better appreciate the region where the various curves merge. In D = 10 the merger happens
at a cusp, with the physical quantities of both the NUBS and the LOC coming out of the cusp
in the same direction. This behavior should be contrasted with the D = 5, 6 case, in which a
part from the shrinking spirals, the physical quantities for the NUBS and the LOC approach the
merger from opposite sides. It would be nice to understand this behavior from the double-cone
geometry. From the behavior of Laxis/L and Rmin/L as they approach zero, we estimate the
value of n/nGL at the merger to be nMerger ≃ 0.139nGL.
A useful way to visualize the geometry of τ = const. sections of the horizon is by embedding
them into (D − 1)-dimensional Euclidean space ED−1, with a flat metric
ds2
ED−1
= dX2 + dY 2 + Y 2dΩ2D−3 . (3.9)
For NUBS, the horizon geometry can be described as a surface X = X(y), Y (y) = R(y) in
E
D−1, whilst for LOC one has X = X(a), Y (a) = r0 cos a
√
Q′2
∣∣
H
. In each case, the embedding
coordinate is given by
NUBS: X(y) =
∫ y
0
dy′
√
eQ3 − r
2
0
4
eQ5
(
dQ5
dy′
)2∣∣∣∣
H
,
LOC: X(a) = r0
∫ a
0
da′
√
Q′4 −
(
sin a
√
Q′2 −
cos a
2
√
Q′2
dQ′2
da′
)2∣∣∣∣
H
.
(3.10)
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In Fig. 3.4 we plot Y/L vs X/L for some representative solutions, including the most critical
ones. We postpone the detailed comparison with the double-cone metric to the next subsection.
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Fig. 3.3: Eccentricity (top left) and non-uniformity parameter (top right) as a function
of the dimensionless inverse temperature. These quantities give a direct measure of the
deformation of LOC and NUBS respectively. Different geometrical lengths and radii
for NUBS and LOC (bottom) as a function of the relative tension normalized at the
GL threshold point.
3.3 Critical behavior at the merger point
Kol argued that the merger between the NUBS and the LOC implies a topology change not
only of the horizon geometry but in fact of the whole Euclidean manifold [34]. This is a much
stronger statement than simply considering the change of the topology of the horizon. Moreover,
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Fig. 3.4: Embedding of the spatial cross-section of the horizon into Euclidean space for
different NUBS (top) and LOC (bottom). For NUBS, from left to right, r0 = 0.74328
(λ ∼ 0.1), r0 = 0.77216 (λ ∼ 0.5), r0 = 0.78950 (λ ∼ 1.5), r0 = 0.79156 (λ ∼ 3) and
r0 = 0.79184 (λ ∼ 5). For LOC the axis is parallel to X/L and represented by a dashed
line starting at the poles. From left to right: κ = 2.4 (ǫ ∼ 10−3), κ = 1.5 (ǫ ∼ 10−1),
κ = 1.29 (ǫ ∼ 100), κ = 1.26341 (ǫ ∼ 10) and κ = 1.26277 (ǫ ∼ 3 · 102). Note that the
embeddings look ‘rounder’ or ‘fatter’ compared to the ones in lower dimensions; this is
just a manifestation that gravity becomes more localized as D increases.
[34] conjectured that this topology change of the Euclidean manifold should locally be controlled
by a Ricci-flat double-cone over S2 × SD−3:
ds2 = dρ2 +
ρ2
D − 2
(
dΩ2(2) + (D − 4)dΩ2(D−3)
)
. (3.11)
This double-cone arises as follows. Both the NUBS and the LOC possess an explicit SO(D − 2)
spherical symmetry which must be inherited by the critical metric, i.e. it must contain a round
SD−3. The S2 is less obvious and its origin is the following [34]: away from the waist, the
Euclidean time, which is periodic to avoid a conical singularity at the horizon, is fibered over
an interval whose endpoints are on the horizon, thus giving rise to a two-sphere. Such an S2 is
finite everywhere on the localized phase whilst it is contractible to zero size in the black string
phase (see [62] for a nice depiction). On the localized phase, one can compute the radius of this
sphere on the symmetry axis at the equidistant points from the poles of the horizon SD−2. By
– 17 –
symmetry, this corresponds to the equatorial radius of the S2 and is given by
Rτ =
κ
2π
(
L
2
− r0
)√
Q′1(L/2, π/2) . (3.12)
One can compare it to the radius of this S2 along the symmetry axis, Raxis = Laxis/(2π), along
the branch of LOC. See Fig. 3.5. From this plot we see that Rτ ∼ Raxis as the solutions approach
the merger and both radii tend to zero. This shows that the S2 becomes round as it shrinks,
just as the double-cone model of [34] predicts. Also shown in this plot is the minimum radius of
the horizon SD−3, Rmin, on the NUBS. This quantity also shrinks to zero at the merger.
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Fig. 3.5: Euclidean time radius and axis radius as a function of the dimensionless
inverse temperature. At the horizon points along the axis, i.e. at the extremes of the
S1axis, the euclidean circle S
1
β has zero size. Then the fibration of one circle on the other
gives a topological S2. According to this figure, as we approach the merger with the
non-uniform branch, Rτ ∼ Raxis/L: the 2-sphere is round.
One can further test the double-cone model of the merger by considering the embedding of
the τ = const. section of (3.11) into Euclidean ED−1 space. The embedding coordinates of the
double-cone metric (3.11) are simply given by
X(ρ) = ρ
√
2
D − 2 , Y (ρ) = ρ
√
D − 4
D − 2 . (3.13)
In Fig. 3.6 we compare the embedding of the double-cone in D = 10 dimensions with the
embeddings corresponding to the most critical LOC (red) and NUBS (blue) solutions that we
have found. As this plot shows, the double-cone can be smoothed in two different ways, each
one leading to one of the phases at each side of the transition.
One can consider deformations of the double-cone metric of the form [34]:
ds2 = dρ2 +
ρ2
D − 2
(
eǫ(ρ)dΩ2(2) + (D − 4)e−
2
D−3
ǫ(ρ)dΩ2(D−3)
)
. (3.14)
The linearized perturbations satisfy the following equation of motion:
ǫ′′(ρ) +
D − 1
ρ
ǫ′(ρ) +
2(D − 2)
ρ2
ǫ(ρ) = 0 , (3.15)
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Fig. 3.6: Comparison between the embeddings into E9 space of the most critical NUBS
(blue line) and LOC (red line) that we have found and the Ricci-flat cone (black line).
Clearly, both geometries approximate quite well the double-cone metric.
and, in for any D 6= 10, solutions of this equation are given by
ǫ(ρ) = c+ρ
s+ + c−ρ
s
−, (3.16)
with
s± =
D − 2
2
(
− 1± i
√
8
D − 2 − 1
)
. (3.17)
For D < 10, the imaginary part of s± causes oscillations in ǫ(ρ), while for D > 10 there are two
independent (real) powers. Furthermore, [63] argued that the behavior of the deformations of
the double-cone metric (3.16) should be reflected in the behavior of the physical quantities of
NUBS and LOC sufficiently close to criticality. The argument goes as follows: if the zero mode
ǫ(ρ) measures the deviation from the double-cone, then any physical quantity Q near the critical
solution should behave as
δQ = C+
(
ρ
ρ0
)s+
+ C−
(
ρ
ρ0
)s
−
= C˜+ρ
−s+
0 + C˜−ρ
−s
−
0 , (3.18)
where δQ ≡ Q−Qc and ρ0 is the typical length scale associated to the smooth cone. Recently,
[27] has beautifully confirmed this prediction in D = 5, 6.
The linearized solutions (3.16) degenerate in D = 10. Hence this is the critical dimension of
the double-cone metric [34]. In this degenerate case, Frobenius’ method gives two independent
solutions of the form:
ǫD=10(ρ) ∼ c1 ρ4 + c2 ρ4 ln ρ . (3.19)
In the remaining of this subsection, we fit the different physical quantities of the near critical
solutions that we have constructed according to the double-cone’s prediction (3.19). Without
loss of generality, for any physical quantity near the merger we have
Q(x) = Qc + a x
b (c+ d lnx) , (3.20)
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where {a, b, c, d} are the fitting parameters and x measures the distance to the critical solution.
We consider the following dimensionless quantities that tend to zero at the merger:
xNUBS =
Rmin
rGL0
, xLOC =
Laxis
L
, (3.21)
where L is the length of the KK circle and rGL0 is the horizon radius of the black string at the
GL instability point given in §2.1. Any other definition of x should give equivalent results up to
a rescaling. We use Mathematica’s FindFit routine to carry out the fits.
In Fig. 3.7 we present the fits for the mass (normalized with respect to the values of a UBS
at the marginal GL point) for the NUBS and LOC branches. The other physical quantities
behave in a qualitatively similar way and we do not present the fits here. Note that in contrast
to the D = 5, 6 cases, in D = 10 the physical quantities do not present any oscillations as they
approach their critical values. In fact, the fits clearly show that the approach to the critical
value is governed by a power law with a logarithmic correction, in very good agreement with the
double-cone prediction (3.19).
Non-uniform black strings Localized black holes
1
1.2
1.4
1.6
1.8
0 0.2 0.4 0.6 0.8 1
M
/M
G
L
xNUBS
data
fit
0
0.5
1
1.5
2
0 0.1 0.2 0.3 0.4 0.5 0.6
M
/M
G
L
xLOC
data
fit
0.2
0.95
1.7
2.45
3.2
3.95
−2.25 −1.75 −1.25 −0.75 −0.25
(δ
M
/M
G
L
)/
(a
x
b N
U
B
S
)
log(xNUBS)
data
fit
0
10
20
30
40
50
−4.65 −3.65 −2.65 −1.65 −0.65
(δ
M
/M
G
L
)/
(a
x
b L
O
C
)
log(xLOC)
data
fit
Fig. 3.7: Normalized mass as a function of x for NUBS and LOC (top row). Data
points left to the dashed vertical line are the ones used for the fit. In contrast to
D = 5, 6 cases, in D = 10 our plots do not present any oscillations near the critical
point, which agrees with the double-cone prediction of a real critical exponent. At the
bottom row we represent δM ≡M−Mc normalized with respect MGLaxb, as a function
of log x. The relation is clearly lineal, in agreement with (3.19).
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In Table 1 we present the values of fitting parameters for the various physical quantities.
To do the fits, we only have considered the solutions close enough to the merger, i.e. with small
enough x; including more data points to perform the fit gives less accurate values of the critical
thermodynamical values and exponent. For different physical quantities, the critical exponent
coincides with the theoretical prediction of 4 with deviations of less than 0.05% in the worst case
and the critical value of a given quantity coincide up to the 4th or 5th decimal number for both
branches. We note that the critical values satisfy the Smarr’s relation to the order 10−6 and 10−5
for NUBS and LOC respectively, which is consistent with the numerical error according to the
values of ξ2 we reached.
Qc a b c d
T/TGL
NUBS 0.92615 0.09539 4.00001 0.76900 −2.08080
LOC 0.92615 2.41070 3.99967 0.21280 −3.43802
M/MGL
NUBS 1.85551 −1.48224 3.99975 0.80018 −1.68271
LOC 1.85551 −9.31138 3.99814 2.62629 −10.83657
S/SGL
NUBS 2.03933 −0.76910 4.00070 1.88490 −4.13116
LOC 2.03958 −15.75813 4.00047 1.27332 −8.34065
T /TGL NUBS 0.25816 −1.49842 3.99996 −1.19917 −1.53764
LOC 0.25813 −8.01729 4.00188 −12.66599 −11.94347
n/nGL
NUBS 0.13913 −1.50564 4.00000 −0.69536 −0.69743
LOC 0.13912 6.72458 4.00172 8.18577 6.46396
Table 1: Critical exponent and other parameters obtained from the fit of the non-
uniform black strings (1st rows) and localized black holes (2nd rows) data points.
Only a couple of geometrical lengths do not follow the behavior (3.20), as it may be seen
from Fig. 3.8. These are the horizon length Lhor of the black string and the polar length Lpol
of the localized black holes. In lower dimensions this was also the case, and a linear term was
introduced to get a proper fit [27]. In D = 10 the linear term appears naturally and the real
critical exponent agrees to be one from both sides of the merger, just as in D = 5, 6. The
equivalent plots to Fig. 3.7 for these lengths are shown in Fig. 3.8 and the extracted critical
values and exponents are in Table 2. It would be interesting to better understand why these
quantities do not follow the same critical behavior as the other physical quantities.
Qc a b c d
Lhor/polar/L
NUBS 1.54505 −0.40768 0.99955 1.54049 0.02272
LOC 1.54589 0.41840 1.00021 −0.84676 −0.01620
Table 2: Critical exponent and other parameters obtained from the fit of the NUBS’s
horizon length (1st row) and LOC’s polar length (2nd row).
3.4 Spectrum of negative modes
In this subsection we present the spectrum of negative modes of the Lichnerowicz operator, ∆L,
around the NUBS and LOC solutions that we have constructed. The negative eigenvalues of ∆L
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Fig. 3.8: Normalized horizon length and polar length as a function of x for NUBS and
LOC respectively (top row). Data points left to the dashed vertical line are the ones
used for the fit. At the bottom row we represent δL ≡ Lhor/polar − Lc normalized with
respect to Laxb, as a function of log x. In both cases the relation is lineal.
are an invariant feature of the geometry and hence they provide another way to characterize
the merger between NUBS and LOC. To compute the negative modes of ∆L, we take advantage
of the fact that, when using Newton’s method to construct the solutions numerically, we have
to linearize the Einstein-DeTurck operator as part of the iterative process. Around an Einstein
metric, the linearized Einstein-DeTurck operator coincides with the Lichnerowicz operator [12]. It
is then easy to readapt the code to find the low lying eigenvalues and eigenmodes of ∆L, associated
to (physical) metric fluctuations. Notice that with this approach we only find perturbations that
are singlets under the action of U(1)β× SO(D − 3).
We display the results in Fig. 3.9. We found that NUBS have two negative modes, as in lower
D [12].6 The first one (green line in Fig. 3.9) corresponds to the continuation of the GL zero
mode to a negative mode as one moves along the branch to larger non-uniformities. The other
one (blue line in Fig. 3.9) is continuously connected to the negative mode of the UBS, which
arises from the negative mode of Schwarzschild [37]. For the explored range of solutions in this
work, no further negative modes appear on this branch. On the other hand, LOC have only one
6In D ≥ 13 NUBS have only one negative mode, and in D = 12 a mode disappears at a minimum of the
temperature along the NUBS branch [13]. This is related to the fact that D = 12 is the critical dimension for the
canonical ensemble for this system.
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negative mode (red line in Fig. 3.9). For small black holes, this coincides with the negative mode
of the asymptotically flat Schwarzschild solution in D = 10, as expected. No further negative
modes appear or disappear along this branch. As we approach the critical solution from both
sides, one of the modes of the NUBS diverges while the other appears to tend to a finite value;
the latter seems to match the limiting value of the negative mode on the LOC branch. Notice
that in D = 10, NUBS and LOC seem to have a different number of negative modes near the
critical region. The reason is that there are no turning points along either branches, so modes
cannot appear or disappear at a minimum of the temperature. However, modes can diverge as
they approach the critical solution since it is singular. In D = 5, 6, there is a minimum of the
temperature on the LOC branch, at which point ∆L has a zero mode that continues to a (second)
negative mode near the merger. At the merger, these two negative modes approach those of the
NUBS and, in particular, a pair of them diverge at the critical solution [12].
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Fig. 3.9: Absolute value of the negative modes of NUBS (green and blue lines) and
LOC (red line) normalized with respect to the inverse temperature of the NUBS and
LOC as a function of the dimensionless ratio β/L. The solid black discs show the zero
mode and the negative mode of the UBS at the marginal GL point.
4 Implications for Super-Yang Mills on T2
In this section we (re)derive the thermodynamics of SYM on T2, see also [36, 39, 40, 55, 56], using
the (neutral) KK black holes. We start with a lightening review of the different limits under
which string theory can be described by its supergravity sector and then we use the solutions
previously found to obtain the thermodynamics of those carrying D0-brane charge. Our results
extend those in [36] and allow us to find the merger point.
4.1 Toroidal limits and type IIB/IIA supergravity duals
Consider (1+1)-dimensional SU(N) SYM at large N with ’t Hooft coupling λ = Ng2
YM
. If the
theory is at finite temperature T so that β = 1/T is the period of the thermal circle, and the
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spatial direction is also compactified on a circle of length L, then we can think of the theory as
being defined on a 2-torus, T2 = S1β × S1L. In these circumstances, we can define dimensionless
quantities, t = TL, λ′ = λL2 to study different regimes of the theory. From the gauge theory
perspective, phase transitions can be inferred by studying the expectation values of Wilson
loops, Pβ and PL, wrapping the temporal and spatial circle respectively, which serve as order
parameters. For SYM on T2 the expectation value 〈PL〉 changes from zero (confined phase) to
non-zero values (deconfined phase) upon heating the system, whereas 〈Pβ〉 is always non-zero at
all temperatures (see [40, 55, 56] and references therein).
Now we consider the dual gravity description. This is given by the near-horizon geometry
of the spacetime sourced by a stack of N coincident D1-branes of type IIB string theory [6],
with a periodic identification on one spatial coordinate. In particular, one is interested in near-
extremal black D1-brane configurations of the gravitational theory in the decoupling limit, which
were studied in [40]. The classical type IIB supergravity description is valid provided that N is
large, to suppress string quantum corrections; α′-corrections are negligible when t≪√λ′, while
winding modes around the circle can be ignored when t≫ 1/√λ′. The two conditions imply the
window of validity of IIB supergravity description
1√
λ′
≪ t≪
√
λ′. (4.1)
In this range one may use the type IIB supergravity solution to derive the thermodynamics of
2-dimensional SYM. In this regime, the thermal vacuum of type IIB supergravity is a black hole
carrying D1-brane charge that uniformly wraps the compact circle. This solution is thought to
be stable and corresponds to the uniform phase.
At temperatures t ∼ 1/√λ′, stringy winding modes become unstable and the type IIB
supergravity description is no longer valid. However, one can perform a T-duality transformation
acting on the spatial circle, exchanging the theories IIB↔ IIA and hence the charges D1↔ D0,
so we can use type IIA black brane solutions to describe thermal states of SYM on T2 on that
range of temperatures. In this case, the requirement that the supergravity solution is valid gives
the conditions
t≪
√
λ′, t≪ λ′−1/6. (4.2)
Since D0-branes are point-like (instead of string-like, as the previous D1-branes), they can dis-
tribute the charge over the circle in various ways, either being uniformly or non-uniformly dis-
tributed, or localized on the compact circle. These three possibilities give rise to a non-trivial
phase diagram, and it is then a dynamical question which case is preferred.
Ref. [40] showed that the IIA supergravity solution with uniformly distributed D0-brane
charge along the compact circle suffers a GL instability at the threshold temperature
tGL =
3
4
√
π
(2πa)2√
λ′
, (4.3)
where a ≡ rGL0 /L¯ = 0.36671(3), i.e. tGL = 2.24646(1/
√
λ′). In the microcanonical ensemble the
instability occurs at εGL = 78.34939(N/λ
′)2.
For higher temperatures (or lower energies) the charged UBS is thought to be dynamically
stable. However, there exists a range of temperatures tGL < t < tPT for some tPT, where it is
thought (and now known) that the uniform solution becomes globally thermodynamically less
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favored than the localized black hole solution. Then the temperature tPT represents a first order
thermal phase transition between the uniform and localized phase. In the literature this has been
termed the Gregory-Laflamme phase transition [55]. The natural interpretation of this picture
on the dual gauge theory is a confinement/deconfinement phase transition.
In this section we find the temperature tPT and also tMerger, at which the non-uniform and
the localized phase merge. Note, however, that the non-uniform phase never dominates any
ensemble. So far, lattice simulations on the gauge side estimated the ratio tPT/tGL ∼ 1.5 [55].
To determine the precise ratio from the gravity dual theory one would need to construct the
near-extremal charged solutions, take the near-horizon limit and extract their thermodynamic
quantities. Clearly, solving the full system of supergravity equations is a formidable numerical
task. However, it is possible to generate charged solutions from uncharged ones via a process
of uplifting + boosting + KK reduction [36, 38–40]. Therefore, we can consider the neutral
(vacuum) solutions we have previously found and from these obtain the thermodynamics that
determine the phase structure of SYM theory under consideration.
Recent construction of KK black holes in D = 10 determined the energy or temperature to
be εPT = 97.067(N
2/λ′2) = 1.245εGL or tPT = 2.451/
√
λ′ = 1.093tGL [36]. Since the derivation
of the mapping {Black hole thermodynamics on R1,8 × S1} → {SYM thermodynamics on T2}
was derived in there we do not include it here; for completeness, it is rederived in detail in the
appendix C. Using (C.10), we have:
ε = 64π4 (2m0 − s0t0) N
2
λ′2
, t = 4π
√
2s0t
3
0
1√
λ′
, s = 16
√
2π3
√
s0
t0
N2
λ′3/2
. (4.4)
Applying this map to the neutral UBS one gets the well-known results [40]:
εUBS(r0) =
32π7
3
(r0
L¯
)6 N2
λ′2
, tUBS(r0) = 3π
3/2
(r0
L¯
)2 1√
λ′
. (4.5)
At r0 = r
GL
0 , these expressions correspond to the values εGL and tGL previously discussed.
4.2 Thermodynamics
In this subsection we construct the phase diagrams in the microcanonical and the canonical
ensemble describing the thermodynamics of SYM gauge theory on T2 using the supergravity
approximation. Both diagrams are shown below in Fig. 4.1 and reproduce and complete those
in [36]. In addition, we determine for first time the merger point between charged NUBS and
LOC.
In Fig. 4.1 we plot dimensionless entropy or free energy difference between a given phase and
the uniform one: (si(ε)−sUBS(ε))×(λ′3/2/N2), (fi(t)−fUBS(t))×(λ′2/N2) with i = NUBS, LOC.
Then the uniform phase is represented by a simple horizontal (black) line at the origin of the
vertical axis. UBS are unstable for ε < εGL in the microcanonical ensemble and for t < tGL in the
canonical ensemble. The non-uniform phase, which exists beyond this point, is never dominant.
On the other hand, the localized phase intercepts the uniform one at
εPT = 97.29477
N2
λ′2
, or tPT = 2.45442
1√
λ′
. (4.6)
The ratios are: εPT/εGL = 1.24181 and tPT/tGL = 1.09257, and they are consistent with the
predictions from the studies of SYM on the lattice. For energies or temperatures greater than
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this value, the uniform phase is dominant, and the LOC dominate the corresponding ensemble
otherwise. The phase transition is first order, and it is thought to correspond to a confine-
ment/deconfinement phase transition in the gauge side.
Our results allows us to determine, for first time, the merger between localized black holes
and non-uniform black strings with D0-brane charge. From Table 1 we can read off tMerger0 ,
mMerger0 and s
Merger
0 , and using (4.4) one finds that the merger occurs at
εNUBSMeger = 143.42647
N2
λ′2
, or tNUBSMerger = 2.85934
1√
λ′
,
εLOCMeger = 143.41301
N2
λ′2
, or tLOCMerger = 2.85949
1√
λ′
.
(4.7)
Note that since the non-uniform phase never dominates any of the ensembles, it may be
difficult to test these numbers using lattice simulations.
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(right), of UBS, NUBS and LOC with D0-charge in the decoupling limit. The GL
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5 Discussion and outlook
In this paper we have constructed NUBS and LOC in D = 10 and followed these two branches
very close to the merger point. D = 10 is special from the point of view of this system since this
is the critical dimension for the Ricci-flat double-cone metric that was conjectured to control the
merger [34]. By fitting the physical quantities of both NUBS and LOC close to the merger point,
we have shown that in D = 10, their approach to their critical values is governed by a power
law plus a logarithmic correction, in accordance to the double-cone model. This result should be
contrasted to the results in D = 5, 6 obtained in [27], which exhibit a spiraling behavior of the
physical quantities as they approach their critical values. Moreover, we have found evidence that
in D = 10, the merger happens at cusp in the phase diagram, and physical quantities belonging
to the NUBS and the LOC emerge from the critical point in the ‘same direction’. This feature
should be related to the fact that D = 10 is the critical dimension for the double-cone metric
and it would be very interesting to understand it in detail. To further confirm the double-cone
model of the merger, one should construct NUBS and LOC very close to the critical point in
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D > 10 and verify that the physical quantities approach their critical values according to the
predictions of the double-cone model. Work in this direction is underway.
In this paper we have not discussed the dynamical stability of NUBS and LOC. Ref. [24]
considered the evolution of the GL instability of black strings in the large-D expansion and
showed that they settle on a stable NUBS. More recently, [16] included corrections beyond
the leading order term in the large-D expansion, and found that the endpoint depends on the
thickness of the initial black string. For the cases where the black string is expected to pinch off,
[24] could not follow the evolution all the way to the end. It would be very interesting to study
the evolution of the instability of uniform black strings for large yet finite D. The techniques
used in [23] seem appropriate and we are currently investigating this problem.
With the methods of [27] and those used in this paper, one can study the details of the
mergers of other black hole systems of interest. In particular, for lumpy and localized black holes
in AdS5×S5. Moreover, recently [56] obtained accurate results of the thermal phase diagram of
1 + 1 SYM on a twisted torus using lattice simulations. It would be very interesting to compare
their results using the supergravity approximation, but to do so one needs to consider NUBS
that are electrically charged with respect to a 2-form.
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A Generic integration domain for localized solutions
In this appendix we describe the integration domain we have used to construct the localized
black holes. Due to their nature, the numerical construction involves to work in two separate
coordinates systems, one adapted to the asymptotic behavior and another one adapted to the
near horizon behavior.
The construction considered in [27] takes the near chart (r, a) with five boundaries and divides
it into three different subdomains. This encompasses the horizon, the axis, the boundaries of the
internal space and a shared boundary with the far patch. The blue and green regions in Fig. A.1,
say region 1 in the near patch, are covered by polar coordinates r ∈ [r0, r1], a ∈ [0, π/2] whose
relation with the far patch is simply given by x(r, a) = r cos a, y(r, a) = r sin a. The orange and
yellow regions, say regions 2 and 3, are covered by polar-like coordinates with a modified radial
coordinate which is parametrized in terms of v ∈ [r1, L/2]. In the orange region a ∈ [0, π/4],
whereas in the yellow one a ∈ [π/4, π/2]. The precise relation with the far coordinates is:
x(v, a) = rk(v, a) cos a, y(v, a) = rk(v, a) sin a, with
rk(v, a) = r1
L/2− v
L/2− r1 +
L
2
v − r1
L/2− r1
1
δk2 sin a + δk3 cos a
, k = 2, 3 . (A.1)
Here r0 and r1 (< L/2) are parameters that we are free to specify, and L is the asymptotic length
of the Kaluza-Klein circle. Notice that this construction assumes that the angular coordinate in
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the near patch 1 is further divided into two subregions: one patch where 0 ≤ a ≤ π/4, to match
the density of grid points with that in the near patch 2, and another one where π/4 ≤ a ≤ π/2
to match the density of grid points with region 3.
The far chart (x, y) covers the ranges L/2 ≤ x < ∞ and 0 ≤ y ≤ L/2. To deal with the
infinity, the coordinate x is compactified introducing a new coordinate −1 ≤ ξ ≤ 1. Ref. [27]
considers x(ξ) = L/(1 − ξ), such that ξ = −1 corresponds to the shared boundary x = L/2
with the near patch and ξ = 1 corresponds to asymptotic infinity. The problem with this is
that to find the charges Cτ and Cy, i.e. the mass and the tension, one needs to consider the
asymptotic expansion of the metric components up to (D − 4)th order, which implies to take
D − 4 derivatives. Of course, this is problematic for D > 5, 6. We overcome this issue by
considering the compactification
x(ξ) =
L
2
(
2
1− ξ
)∆
, (A.2)
where ∆ = (D − 4)−1 has been defined in §2.2. This way we still have x(ξ = −1) = L/2 and
x(ξ = 1) =∞, but it is sufficient to consider the metric expansion at infinity up to 1st order. In
particular, the charges are given by 1st derivatives of the metric,
Cτ = 2
(
L
2
)D−5 ∫ L/2
0
dy
∂Q1
∂ξ
∣∣∣∣
ξ=1
, Cy = −2
(
L
2
)D−5 ∫ L/2
0
dy
∂Q4
∂ξ
∣∣∣∣
ξ=1
. (A.3)
Additionally, each patch has been further divided into other small subregions in order to be
able to increase the grid resolution just where it is necessary. This is of particular interest since as
we increase D gravity turns out to be more localized and the spacetime region close to the horizon
needs special care. Moreover, close to the merger point with NUBS, some functions develop steep
gradients. In practice, the radial coordinate in the near patch 1 is divided into two subdomains,
and the compactified coordinate ξ in the far patch is divided into three subdomains. In the near
patches containing the axis, the angular coordinate is also divided into two subregions. In total,
this introduces four new parameters in the integration domain: r∗, ξ∗, ξ∗∗ and a∗, corresponding
to the values where the different patches meet. At each shared boundary, either near-near,
near-far or far-far patch, one must impose continuity of the functions and their first normal
derivatives.
To impose these matching conditions one may consider the same grid point densities from
both sides of a given shared boundary. Alternatively, one can still require continuity of the
function and its normal derivative by performing the matching on an interpolation function.
Unlike [27], we have opted to work with the same grid point densities. They are naturally always
the same except at the shared boundary between near and far patches. We fix this by considering
the coordinate y given in terms of a coordinate σ lying in the unit interval σ ∈ [0, 1]:
y(σ) =
L
2
tan
(π
4
σ
)
. (A.4)
Using Chebyshev grid points for σ, then the grid points along the y-direction are properly
distributed.
Finally, we consider the same mesh-refinement as in [27], properly modified to take into
account our redefinition of the angle a, near the axis a˜ = mesh(a; π/2, a∗, χ1). We also use this
type of mesh-refinement near the horizon r˜ = mesh(r; r0, r∗, χ2), with the function mesh(. . . )
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given by
mesh(X ;A,B,C) = A+
B −A
sinhC
sinh
(
C
X −A
B −A
)
. (A.5)
To check whether our code with the described modifications gives rise to reasonable solutions
and, in particular, accurate values for the mass, we compare the obtained results, (i) for small
localized black holes, with the mass of a Schwarzschild black hole in D = 10, or (ii) with the
perturbative results. For small localized black holes one expects that the spacetime metric can
be systematically expanded in a perturbation series with a small parameter ρ0/L, being ρ0 the
location of the horizon. The best available perturbative approximation for the thermodynamic
quantities, withD arbitrary, are given in [28]. (We did not include these curves in our plots in §3.1
or §4.2 since they were not much clarifying.) For small enough black holes, i.e. with eccentricity
ǫ < 10−3, our numerical values differ by less than a 0.05% when compared to those obtained
by (i) or (ii). From the geometrical point of view, another check is to compare Lpolar defined in
(3.7), with one half of the perimeter of a Schwarzschild black hole of the same temperature in
D = 10. In this case the deviations are always less than 0.01%.
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B Convergence tests
In this appendix we check that our numerical solutions converge to the continuum limit according
to our discretization scheme. In the case of using pseudo-spectral methods, the error should be
exponentially suppressed with increasing the grid size. To monitor it we use the squared norm
of the DeTurck vector ξ2. We expect it to become zero in the continuum limit. Indeed, Fig. B.1
shows that our numerical implementation exhibits the expected behavior.
To produce this figure we picked up a reference solution of each branch, we interpolated it at
different resolutions and then we filtered through the Newton-Raphson loop. For each output we
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computed the quantity of interest. For NUBS we just considered one single patch with resolution
N = NxNy, being Nx and Ny the number of grid points in each direction. In the case of LOC,
we considered the usual 12 patches and varied the mean resolution N¯ .
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cases, the error decays exponentially, as expected.
C D0-charge via Uplifting + Boosting + KK reduction
In this appendix we derive the mapping between the thermodynamics of neutral Kaluza-Klein
black solutions and the thermodynamics of near-extremal D0-black branes on a circle of type
IIA supergravity [36, 38–40]. This involves a M-theory lift-boost-reduce procedure.
Consider any static, axially symmetric metric solving Rab = 0 in D spacetime dimensions
and approaching the direct product manifold R1,D−2 × S¯1 asymptotically. The bar notation in
S¯1 (of length L¯) is to distinguish, in D = 10, the T-dual circle of type IIA supergravity from the
original circle of length L of the type IIB theory. This solution can be written using isotropic
coordinates:
ds2 = −f 2dt2 + g2 (dρ2 + ρ2dΩ2D−3)+ h2dy2, (C.1)
with the generic functions f, g and h approaching 1 at ρ→∞, and y ∼ y + L¯ is the coordinate
of S¯1. If (C.1) is a black hole with a Killing horizon located at ρ = ρ0, then f(ρ0, y) = 0. We
can construct the dimensionless quantity p0 ≡ ρ0/L¯ to label a given family of such metrics.
Now uplift the solution adding a compact coordinate z, dsˆ2D+1 = ds
2 + dz2. Boosting along
z with rapidity parameter α yields a solution to vacuum general relativity in D + 1 dimensions.
Upon dimensional reduction with respect to z we rewrite the metric as
dsˆ2D+1 = e
−2ηφds2D + e
2ζφ (dz −Atdt)2 , (C.2)
with η2 = (2(D − 1)(D − 2))−1 and ζ = (D − 2)η. This choice of constants ensures an Einstein
framed dimensionally reduced action and canonical normalization for the dilaton kinetic term.
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For D = 10, this procedure allows us to construct solutions of type IIA supergravity with only
graviton, dilaton and 1-form field excitations turned on.
The new metric, the non-trivial dilaton field and the 1-form gauge field are identified to be:
ds2D = H
2
D−2
(
− f
2
H2
dt2 + g2
(
dρ2 + ρ2dΩ2D−3
)
+ h2dy2
)
,
eφ = H1/ζ ,
A(1) =
(
H−2 − 1) cothαdt ,
(C.3)
where
H =
√
1 + (1− f 2) sinh2 α . (C.4)
This works because momentum around the circle in the (D + 1)th dimension is reinterpreted as
D0-brane charge from the lower-dimensional viewpoint [39].
We can start with (C.1) being a neutral non-uniform black string or localized black hole,
and obtain the charged solution using (C.3) (which depends on the parameter α in addition to
ρ0). Since we are interested in their thermodynamics rather than the solutions themselves, we
will proceed by expressing the quantities of interest of the new charged solutions in terms of
the uncharged ones. For instance, it easy to see that the temperature and the entropy of the
charged solution are simply shifted by a factor of coshα with respect to the uncharged ones. To
be precise,
T =
1
L¯ coshα
t(p0), S =
1
4GD
L¯D−2ΩD−3 coshα s(p0), (C.5)
where t(p0), s(p0) encode the parametric dependence of dimensionless temperature and entropy
of neutral solutions. The mass and the charge can be obtained from the asymptotic expansion of
the metric and the gauge field. Because (C.1) is asymptotically KK, for large ρ we may expand
f(ρ, y) ≃ 1− ct(p0) L¯
D−4
ρD−4
, h(ρ, y) ≃ 1 + cy(p0) L¯
D−4
ρD−4
. (C.6)
Taking the square and considering the factors of H , one obtains the effective charges for the
charged solution (C.3), Ct(p0) and Cy(p0), entering in the expression (2.3). The D0-charge may
be obtained from the flux or from the asymptotic behavior of the gauge field, and the chemical
potential is given by µ = −At
∣∣
H
. The result is:
M =
L¯D−3ΩD−3
8πGD
(
(D − 3)ct(p0)− cy(p0) + (D − 4)ct(p0) sinh2 α
)
,
Q =
L¯D−3ΩD−3
8πGD
(D − 4)ct(p0) sinhα coshα,
µ = tanhα.
(C.7)
Now set D = 10. The derived quantities so far correspond to the thermodynamic quantities
of the charged solution (C.3) of type IIA supergravity with a metric, a dilaton and a 1-form.
At this point note that all physical quantities appearing in (C.5) and (C.7), reduce to those of
the uncharged solution in the limit α → 0. The opposite limit α → ∞ corresponds to take the
near-extremal limit. To obtain the desired mapping we have to take the decoupling limit of Ref.
[6] of near-extremal configurations, which sends the string length ℓs to zero while keeping g
2
YM
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fixed. According to holography, these are dual to the decoupled field theory at finite temperature.
To do so, one needs the relation between the 10-dimensional Newton’s constant and the string
length and coupling constant, 16πG10 = (2π)
7g¯2sℓ
8
s, the T-dual relations [64]: L¯ = (2πℓs)
2/L,
g¯s = (2πℓs/L)gs, and the relation between the string coupling constant and SYM coupling. In
the case of IIB string theory with D1-branes, this is g2
YM
= (2π)p−2gsℓ
p−3
s with p = 1 [6]; to
translate back the quantities above in terms of SYM variables recall that λ′ = λL2 = Ng2
YM
L2.
The dimensionless energy above extremality, ε = LE = L(M−Q), in these limits corresponds
to the energy density of the SYM theory. Since this becomes independent of ℓs, the decoupling
limit is trivial. The decoupling limit of the temperature and the entropy needs to be taken
with more care. At the end, one finds that the dimensionless energy, temperature and entropy
associated to a stack of N -coincident near-extremal D0-branes in the decoupling limit are:
ε =
16
3
π7 (4ct(p0)− cy(p0)) N
2
λ′2
, t = 2π5/2
√
2ct(p0)t(p0)
1√
λ′
,
s =
16
3
π11/2
s(p0)√
2ct(p0)
N2
λ′3/2
.
(C.8)
These expressions explicitly depend on functions that can be obtained from the KK vacuum
solution (C.1). Clearly, the numerical solutions found in §2 are not written in isotropic coordi-
nates which difficult the computation of such functions. It is then convenient to write (C.8) in
terms of gravitational variables which are intrinsic of the solution instead of the coordinates. To
this end, set α = 0 in (C.5) and (C.7) and solve for the functions t(p0), s(p0), ct(p0) and cy(p0).
The Smarr’s relation closes the system of equations. The solution is:
t(p0) = t0, s(p0) =
4s0
ΩD−3
,
ct(p0) =
8π
ΩD−3
t0s0
D − 4 , cy(p0) =
8π
ΩD−3
(
D − 3
D − 4t0s0 −m0
)
,
(C.9)
where t0 = L¯T , m0 = M/L¯
D−3 and s0 = S/L¯
D−2 are the dimensionless temperature, mass and
entropy of the neutral gravity solutions. Setting D = 10 and inserting these expressions back
into (C.8), gives the final mapping:
ε = 64π4 (2m0 − s0t0) N
2
λ′2
, t = 4π
√
2s0t
3
0
1√
λ′
, s = 16
√
2π3
√
s0
t0
N2
λ′3/2
. (C.10)
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